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Abstract 

We discuss the limitations on space time measurement in the Schwarzchild 
metric. We find that near the horizon the limitations on space time 
measurement are of the order of the black hole radius. We suggest 
that it indicates that a large mass black hole cannot be described by 
means of local field theory even at macroscopic distances and that any 
attempt to describe black hole formation and evaporation by means 
of an effective local field theory will necessarily lead to information 
loss. We also present a new interpretation of the black hole entropy 
which leads to S = cA , where c is a constant of order 1 which does 
not depend on the number of fields. 
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1. Introduction 

The connection between black hole area and statistical mechanics entropy 
is one of the most interesting question in physics. Black hole analogs of the 
laws of thermodynamics exist fl], [| , with the area of a classical black hole 
playing the role of entropy. Furthermore , the generalized second law of 
thermodynamics [|], |5j, [| implies that the sum of the ordinary entropy and 
the black hole area (divided by 4 in units where G = h = c = 1) never 
decreases. Finally, black holes radiate at the temperature , T = ^M- where 
5 = j |, |. However, the statistical nature of the black hole entropy is 
still unclear. Another intricate related issue is the information loss puzzle 
M. There seem to be three principal alternatives: 

1. The information is lost [EJ. 

2. The information is stored in the correlation between Hawking radiation 
and Planck- mass remnants M. 

3. All the information is emitted with the Hawking radiation [El [TO], |TT . 



In this paper we study new aspects of the black hole puzzle. We consider 
a Gedanken experiment in which a macroscopic system falls into a black hole. 
We are interested in the absolute limitations on the information that an ex- 
ternal observer can obtain on the system before it reaches the horizon . It has 



been argued by many authors g|, 111' S EH II S EE 11 that Planck 
scale is the minimal observable scale. In that case one should expect to find 
absolute limitations only after a time larger then Mlog(Mi?) (where R is 
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the initial location of the system) when the matter settles into a layer whose 
invariant distance from the horizon is of the order of 1. So the radial infor- 
mation is lost. Note that the angular information is not lost. This problem 
is closely related to the trans-Planckian frequencies problem and to 't Hooft 
diagnosis that conventional quantum fields contribute ultraviolet divergences 
to the entropy near the horizon; as such it cannot be investigated without 
further knowledge on quantum gravity 0. Recently, we have shown [^| that 
there are states in which the uncertainties in space time measurements are 
much larger than Planck scale. This leads to problems with the conventional 
definition of statistical mechanics in quantum gravity even in the absence 
of black holes. In the presence of black holes this raises a new possibilities 
of information loss in Gedanken experiments which can be studied without 
further knowledge of quantum gravity. 

2. Space-time measurements in Schwarzchild metric 

In this section we study the limitations on space-time measurements in 

a Schwarzchild background metric , especially near the horizon. First, we 

2 Still one can learn on black holes from the fact that Planck scale is the minimal observ- 
able scale since then alternatives 1 and 2 are essentially the same concerning the available 
information. According to the remnants approach the information on the collapsing star 
which form the black hole is in the correlation between the structure of the remnant and 
Hawking radiation. However, since the size of the remnants is of the order of Planck scale 
one cannot measure the structure of the remnants so the information is lost in principle. 
In other words, although the state of the remnant and Hawking radiation is suppose to be 
a pure state. One cannot distinguish between different states of the remnants. One must, 
therefore, sum over all the possible states of the remnants so effectively one describes the 
state of Hawking radiation as a mixed state. We should note that this argument cer- 
tainly does not support previous arguments pl| , [22] | that remnants lead to mathematical 
inconsistency . 
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would like to consider a distant external observer who measures the coor- 
dinate (t, R, 9, (p) of some space-time event. In classical gravity the energy 
momentum tensor of the detector which is supposed to measure the location 
of the event can be as small as one wishes and therefore it does not affect the 
metric. So, as long as R > 2M there are no limitation in principle on space 
time measurements. For an external observer, the time it takes for a particle 
to reach the horizon is infinite, thus at any finite time one can measure the 
exact location and momenta of the particles which fall into the black hole. 
Thus in classical general relativity one can construct (at least in principle) a 
measuring device which follows the trajectory of the particles in phase space 
even when a black hole is present, so information is not lost in principle. 
The meaning of the no hair theorem in that context is that for practical pur- 
poses the in falling particles are suddenly cut off from communication with 
the external observer, since the red-shift grows exponentially in time near 
the horizon. The only information which is available in practice is the total 
mass, angular momentum and charge while in principle all the information 
is available. 

In quantum gravity the problem is much more interesting. In the absence 
of a quantum theory of gravity, we need to introduce two postulates on 
quantum gravity in order to make the discussion possible. 
The postulates are the following: 

Postulate 1. At large distances the first order of the gravitational effect 
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in quantum gravity can be described to a good approximation by general 
relativity. 

Postulate 2. At large distances quantum gravity is a local theory, meaning 
there are no non-local effects at large distances. We denote the minimal scale 
for which the postulates are correct as x c . A few remarks are in order now. 
First, since the only fundamental scale in quantum gravity is l p (l p = \ f^) it 
is natural to assume that x c « l p = 1. Second, these postulates are the easiest 
way to describe the correspondence principle , between quantum gravity 
and general relativity and between quantum gravity and local quantum field 
theory^ However, the postulates are not a general properties of quantum 
gravity since there are more complicated way to describe the correspondence 
principle. In section 4 we suggest that postulate 2 is incorrect and that 
x c depends on the state of the system. Third, in almost any discussion on 
quantum gravity, one uses those postulates. In particular, the conventional 
argument for information loss rests on those postulates. 

Let us focus first on the time measurement. Basically we follow |13| but 
in Schwarzchild metric instead of flat space-time. In order to measure t there 
must be a clock located at (R, 0, <p) which emits at least one photon towards 
the external observer. There are two causes of error in this process of time 
measurement: 

1- The uncertainty of the clock -At. 

3 Moreover, this correspondence principle is the only experimental data that we have 
on quantum gravity. 
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2- The uncertainty in the time it takes for the photon to reach the external 
observer . This uncertainty is due to the uncertainty in the metric caused by 
the uncertainty of the energy of the clock AE. 

The time it takes for the photon to reach the external observer is 

T = /^ = (.Y-«) + 2M M .o g (§^), (1) 
Jr v R- 2M t ot 

where X is the location of the external observer and M tot is the total mass 
of the black hole and the clock. So we get 

AT > 2AE^ (2) 
o 

where 5 = R — 2M^h. Adding the quantum uncertainty, the uncertainty for 
the whole process of time measuring is therefore 



AT tot >— + 2AE—>J — . (3) 



Note that the minimum is obtained for AE ps \ -J— , thus near the horizon 

V M b.h 

the clock is rather regular (no planckian uncertainty). This result is not 
surprising since the uncertainty in the invariant distance is of order one: 
AT toty /gofi 1. The limitation on R measurement is 

dR 

AR tot = AT tot —. (4) 
From Eq.(l) we get §f = ™ thus 



Again this is not surprising since the uncertainty in the invariant distance is 
of order one; ^R^j f]r,r ~ 1- 

There are at least two different ways to measure 9 or <p which leads to the 
same surprising result. The first is based on the logic of Eq.(4) but with p or 
9 instead of R. The other way is more straight forward and is the following: 
Suppose that there is an apparatus which send a light signal from the event 
in the radial direction. Classically ^ = ^- = so 9f = 9 and (pf = ip. 
The external observer need therefore to measure only Of and ipf in order to 
know 9 and ip. Let us treat this process quantum mechanically. Consider the 
Schwarzchild metric 

dr 2 = B{r)dt 2 - A{r)dr 2 - r 2 {d9 2 + sin 2 dp 2 ). (6) 

Where B{r) = 1 — — = A{r)~ l . According to postulate 1 we can use this 
metric at scale larger than 1. The geodesic equations are |24| 

r 2^f_ _ j ( cons t an t) (7) 
dp 

dr J 2 1 
A (r)(-rY + — --^ = ~ E (constant), (8) 
dp r z B{r) 

where p is a parameter describing the trajectory and J is the angular mo- 
mentum per unit mass. The connection between the proper time r and p 
is 

dr 2 = Edp 2 (9) 

so we find that 

E > for material particles (10) 



E — for photons (11) 

Since A(r) is positive the particle can reach a radius r only if 

2 T 2 1 

r 2 B(r) 

which leads to 

3 

j2 < = F (r) (13) 

for photons. Let us find the upper limit on J such that the light signal will 
reach an external observer. The minimum of F(r) is 27 M 2 at f = 3M. Thus, 
in order that the photon will cross f we must impose 

J 2 < 27M 2 . (14) 

Now, suppose that the photon has uncertainty Aip at the emission point. 
From postulate 2 and the uncertainty principle we get 

where P v is the momentum of the photon in the ip direction. In Minkowski 

space 

where is the momentum at the <p direction and P is the total momentum, 
so in Schwarzchild metric we get 



dip _ P v 
~dt~RP 



JB(R). (17) 



Since 



we obtain 



J ~B{RUt' (18) 



From Eqs.(7,8) one obtains [23| 



The connection between the momentum of the photon and its total energy 
(including the gravitational energy of the interaction between the photon and 
the black hole) differs from the connection in Minkowski space by the red- 
shift factor. 



thus we get 



E, = PjB(r) } (21) 



A ^A7P + sf (22 » 



SO, 



1 , . 

AtPmin > i (23) 

Finally, Eq.(l) implies that the maximal energy of the photon is 

E,, < 5 (24) 

other wise the Schwarzchild radius of the black hole and the clock before the 
emission of the photon is larger then R . so we to get 

A</w > ^ (25) 
9 



where p is the invariant distance from the horizon: 



R r R dr 



Notice that the minimum is obtained at A J = — , so Eq.(14) does not play an 
important role in our discussion (according to the postulates the discussion 
is meaningful only for p > 1) and the small perturbation approximation of 
Eq.(20) is valid. 

The minimal uncertainty in the area of a sphere with invariant distance 
from the horizon p is , 

AA > \a. (27) 

Notice that for p rs 1 we get AA = A. This suggests that for external 
observer, all the angular information of the particles involved in the formation 
of the black hole is lostQ. We should remark that for p > M one should 



consider the regular limitations on space time measurement [13] which are 
then non negligible and lead to A A w 1. 

Next, we turn to the measurement of the distance between two events 
which occur near the horizon of an infinitely massive black hole. In that 
limit the resulting geometry outside the event horizon is described by the 
Rindler metric. 

dr 2 = dT 2 - dZ 2 - dX { dX\ (28) 

4 Except, of course, from the total angular momentum which can be measured by mea- 
suring the Kerr metric at large distance. Here we assume that the total angular is zero. 
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In terms of Schwarzchild coordinates it is given by 

dt 



d^ = (^M) 2 P 2 -p 2 - dXl dX\ (29) 



The Minkowski and Schwarzchild coordinates are related by 

t , 



Z = pcosh( 



r = psinh( i ^). (30) 

We did not use Rindler metric in the distant observer discussion since Rindler 
metric is a good approximation to Schwarzchild metric only for p <C M, while 
the invariant distance between the external observer and the horizon is at 
least of the order of M. In Minkowski space the minimal uncertainty in T is 



of order 1 [13] , therefore 



At«^, (31) 

P 

which is in agreement with Eq.(3). Suppose that the two events (a and 
b) occur at the same X 1 and that one wishes to measure p = p a — pb- The 
measurement can be carried out in the following way: A clock at p a measures 
the time ti when a photon is sent towards p&. At the other object there is 
a mirror which reflects the photon back to the first object, where the clock 
measures the time tf when a photon arrives. It is easy to find that 

t f -U = 4Mln{^) (32) 

Pb 
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Since there is a minimal uncertainty in t there is also a minimal uncertainty 
in p, 

Ap = At^- « 1 (33) 

LLC 

Suppose that the two events occur at the same p and that one wishes to 
measure the transverse distance X t , where X\ = (X l a — X l b ){X l a — XI). For 
X t ^> p the time it takes for a light signal to travel from a to b is 



t = 8Mln(— ), (34) 



so 



AX t w ix t . (35) 
3. Information loss and black hole entropy 

In field theories which do not involve gravitation there is information loss 
in practice -i.e. the number of orthogonal states with the same macroscopic 
properties can never decrease. In principle, however information is conserved, 
since in principle one can always construct a measuring device which mea- 
sures the exact state of the system. Therefore, in field theories which do not 
involve gravitation 

Smat = Sphy (36) 

Where S mat is the log of the number of orthogonal states with the same 
macroscopic properties and S p h y is the log of the maximal number of orthog- 
onal states with the same macroscopic properties which can be distinguished 
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by means of local measurements. Note that if one permits a non-local interac- 
tion between the measuring device and the system (such as a Von-Neumann 
interaction) then one can distinguish between all states and there is no in- 
formation loss even in the presence of gravitation. However the interaction 
between the measuring device and the system as any other interaction must 
be local. 

If postulates 1 and 2 are correct then in quantum gravity there are cases 
for which 

Smat > Sphy (37) 



In [23[] we present such a case using the weak field approximation. We argued 
that the basic reason for information loss in quantum gravity is the locality 
postulate (postulate 2) and not the horizon ( in the weak field case there 
is obviously no horizon). The horizon , however , causes a strong red-shift 
which makes the information loss more obvious then in the weak field case. 
Let us demonstrate the information loss by considering a simple example: 
two orthogonal states of a particle which falls into a black hole . 



<r,e,(p\<Pi>=R(r)Q 1 (9)^f( < p) (38) 

<r,0,<p\<h>=R(r)Q 2 (OM<p) (39) 

where 0i(0) yields 9 = ±A9 and 2 (0) yields 9 = tt± A9 and A9 < n. Sup- 
pose that at t = r w 3M, so that | <fii > and | (p2 > are distinguishable by 
means of local interactions. After a finite time of the order of 2M log M, the 
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invariant distance between the particles and the horizon is of the order of one, 
then from Eq.(25) we learn that A9 = n, thus the external observer cannot 
distinguish between the two orthogonal states by means of local interactions. 

Consider now a macroscopic system which at t = is located at a distance 
R (R > 3M), so that S mat = S p h y . After a finite time of the order of 
M log RM the invariant distance between the object and the black hole is of 
order 1 and the object is in the volume 0<p<l,0<#<7T, < (p < 2ir. 
But the minimal uncertainties are Ap 1, A0 « 7r and A<p rs 2n. So one 
cannot distinguish between any orthogonal states with the same macroscopic 
properties. This agree with the classical no hair theorem. The difference is 
that in quantum theory unlike classical theory the absolute information loss 
is a smooth function of time and the total information loss takes a finite 
time. Since the black hole is made out of collapsing objects it implies that 
for black holes 

S phy = 0. (40) 

It is not surprising, therefore, that postulates 1 and 2 lead to a non-unitarity 
description of the formation and evaporation of black holes since as we found 
out information is lost in principle in the formation of a black hole within a 
finite time. There have been many attempts to shown that S mat = so 
Hawking radiation is just a statistical mechanics radiation. We find this idea 
disturbing since, if our arguments are correct, then one cannot distinguish in 
principle among the states which are counted in S mat , so black hole entropy 
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cannot be denned as the log of the number of orthogonal states which can be 
distinguished in principle but cannot be distinguished in practice (the same 
macroscopic properties). 

What is, then, the Bekenstein-Hawking entropy? Recall that the spe- 
cial property of gravitation which causes information loss is the fact that 
in general relativity , unlike in any other theory, the fields define distances 
. It is only natural , therefore, to define the locality loss entropy (Su) as 
the number of orthogonal states of the metric that cannot be distinguished 
in principle by means of local measurements. If there had not been limita- 
tions on space time measurement then Su would have been zero, since any 
orthogonal states of the metric define different distances so in principle they 
are distinguishable in that case. However, there do exist limitations on space 
time measurements. Therefore, there are orthogonal states of the metric 
which define different distances in such way that the difference is smaller or 
equal than the limitation on space time measurement, so Su > 0. We suggest 
that Bekenstein-Hawking entropy is Su. Let us calculate Su in the case of a 
black hole. Clearly , the main contribution to Su is near the horizon (p 1) 
where the uncertainty is maximal , AA m A. Thus we need to count the 
number of orthogonal states of the metric for which 

< A(g^) < A , (41) 

where A = 16nM 2 . In the large M limit the gravitational radiation states 
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are plane waves, thus 



*) = -§= £Ke*" + 4^ toi ). (42) 
VujV k 



Where ^ = rj^ v + h^, h = k 2 = ff , k 3 = n 3 and w = sjk\ + k\ + fcf. 
V is the volume of a thin sphere with width of the order I. According to the 
postulates we can consider only fcj < 1 hence the number of modes is of the 
order of A and w ~ 1 so we get, 



/^(M) = ^ = Y,(^e tkx - wt + ale-^ +wt ). (43) 
Now, 

A(g^) = J ^d Xl dx 2 « j( l + \ h ~ \ h2 ) ( 44 ) 
Using Eq.(50) we obtain 

A(^) « A - 2 (45) 

kx,k 2 

Since the number of ways to distribute N quanta among M state is ^rpjr^ 
and the number of mode is of the order of A we get 

= cA , (46) 

Since the whole discussion is based on qualitative arguments (the uncertainty 
principle, x c ~ 1), one should not expect to calculate c. Nevertheless, it is 
clear that c does not depend on the number of fields. 
4. Locality and causality 
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A physical theory is a theory which predicts the results of measurements. 
The following postulate is, therefore, somewhat natural. 
Postulate 3 The limitations on measurements in a physical theory follow 
naturally from the mathematical description of the theory. 

The inspiration for the postulate is of course quantum mechanics, where 
the commutation relation [X, P] = ifi leads to the uncertainty relation AXAP > 
| , which was originally found using measurement arguments. The measure- 
ment arguments alone do not prove that the mathematical description of a 
particle as a point in phase space is incorrect. However, even without con- 
sidering other difficulties in the classical description, (black body radiation, 
photo-electric effect, stability of atoms, etc.) one can argue that it does not 
make sense to describe a particle as a point in phase space (AX = AP = 0) 
and to claim an uncertainty relation AXAP > | only when a measurement 
take place. Note that postulate 3 excludes information loss in principle. 

According to postulate 3 the limitations on space time measurements in 
quantum gravity are due to the mathematical description of quantum grav- 
ity. Obviously , local quantum fields theory is not the proper mathematical 
description of quantum gravity in that case. Furthermore an unavoidable 
conclusion from Eq.(25, 35) and |23[ is that the non- locality scale is not 
bounded. In other words, the non-locality scale is a function of the state of 
the system; in the case of a black hole near the horizon the non-locality scale 
is of the order of the size of the black hole radius! Therefore, postulate 2 
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cannot coexist with postulate 3. If postulate 2 is incorrect then in quantum 
gravity the non-locality scale depends on the state of the system! It might be 
very difficult to find the right mathematical tool to describe such a theory but 
it is hopefully possible. On the other hand if postulate 3 is incorrect then the 
whole description of physics by means of mathematics is meaningless since 
in that case there is no dictionary which connects between the mathematical 
description of physics and physics [p3| . Therefore, in our opinion postulate 
3 is more fundamental than postulate 1. In this paper we do not present the 
mathematical description which leads to an unbounded non-locality scale , 
but discuss qualitatively the possibility . We should remark that since the 
non-locality scale depends on the state of the system and it is one of the 
scales which define the state of the system it seems that finding the proper 
description means finding quantum gravity. 

From Eq.(25) we find that the scale of non-locality is given by 



where d r and d^o are the invariant non-local distance in the radial and angular 
direction respectively. Consistency of such a non-local theory implies non- 
locality in the time direction also. Otherwise the theory will suffer from 
acausall propagation at macroscopic scales. The non-locality in the time 
direction is then the time it takes for a light signal to travel from (r, cp, 6) to 



d r = 1 



(47) 




p > M 
p < M 



(48) 
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(r + Ar, if + Aip, 9 + AO). In Rindler metric this gives 



At = 8Msinh _1 (49) 
2p 2 



In that case causality is preserve locally. Still, it does not mean that there 
is no causality violation since d^g depends on p, so there might be global 
violation of causality. Postulate 3 yields that the description of gravitation 
by means of local fields , g^ u at a scale smaller than d is incorrect and that the 
correct description is such that the minimal length is given by Eq.(55, 56). 
In particular a particle which falls into a black hole is spread in the angular 
direction (since and p them selves are spread) according to Eq.(25). f] 
fields at there is no is This spreading effect can causes a global violation of 
causality. Consider a signal emitted from point a (p = pi, 9 = 0, tp = 0) 
towards point b (pi, 0, pi) (see Figure 1). One can calculate t ab , the minimal 
time needed by a classical perturbation to reach b from a. On the other 
hand due to the spreading effect one should consider another path: The 
signal is emitted from a toward c (po, 0, 0) , (po < p\) where it is spread with 
Ap > Thus, if po < — j- then there is a finite probability for the particle 
to be emitted from d (po, 0, p\) toward b. Naively the condition for causality 



is 



tacdb > tab- (50) 



5 This spreading effect obviously does not occur in the context of point like particle 
which is described by local field theory. In the context of string theory a similar effect was 
found by Susskind p5| . This is quite surprising since our calculations and postulates are 
rather model independent. 
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horizon 



Figure 1: Causality implies that the nonlocality effects are such that t ab — 
At < t ac + t c a + tdb- 

However, we should also consider the non-locality in the t direction, meaning 
the uncertainty in t. One can detect causality violation only if 

tacdb < tab — At ab , (51) 

since according to postulate 3 time is defined with minimal error At. In 
Rindler space it is easy to calculate t a b and t ac , 

t a>b = 8Msmh~\^-) (52) 

t ac = t bd = 4M\og(^) (53) 

P2 

where R is the distance between a and b. In order that path aedb will be 
possible we must have 

R < — (54) 

P2 



thus 



t ab <8Msmh~\-^) (55) 
2piP2 
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Since AR = — we obtain 

pi 



, M 

At ab = 8Msmh-\-^). (56) 



2pl 



So, the condition for causality is 



8Mlog(^) + SMsinh" 1 ^) > 8M sinh _1 (-^-). (57) 

Fortunately this condition is satisfied. Equality is obtained for p\ = M a 
where a < \. Further more if the spreading effect were stronger (for example 
d — where c > 1) then causality would be violated. The spreading rate 
(Eq.(55)) is , therefore, the fastest rate consistent with causality. 



I would like to thank Prof. A. Casher and Prof. F. Englert for helpful 
discussions. 
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